DC Electrical Circuits

Chapter 28

Electromotive Force
Potential Differences
Resistors in Parallel and Series
Circuits with Capacitors



Resistors in Series

I
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The pair of resistors, R, and R,, can be replaced by a single
equivalent resistor R; one which, given I, has the same total
voltage drop as the original pair.

Note: the current I is the same, anywhere between a and b,
but there is a voltage drop V, across R,, and a voltage drop

V, across R,.



Resistors in Series

I
Rl RZ
AN
Vl VZ

The pair of resistors can be replaced by a single
equivalent resistor R_; one which, given I, has the

same total voltage drop as the original pair.

V=V,+V,=1R, +IR,



Resistors in Series

I
Rl RZ
AN
Vl VZ

The pair of resistors can be replaced by a single

equivalent resistor R_; one which, given I, has the

same total voltage drop as the original pair.
V=V +V =1R, +I R,

We want to write this as V=1R |



Resistors in Series

I
Rl RZ
AN
Vl VZ

The pair of resistors can be replaced by a single

equivalent resistor R_; one which, given I, has the

same total voltage drop as the original pair.
V=V +V =1R, +I R,
We want to write this as V=1R |

hence R, =R, +R,



Resistors in Series

I
Rl RZ
L AMMMA—AMMNA—D
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What 1s the voltage drop across each resistor ?

V=IR,butl=V/(R,+R) O [V,=VR,/(R,+R)) |

VIR, but]=V/(R,+R) O [V,=VR,/(R,+R) |




Resistors in Parallel

Rl
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a 1 L b

V

Again find the equivalent single resistor which has
the same V 1f I 1s given.



Resistors in Parallel

Rl
—A\WAWY
a 1 L b

V

Again find the equivalent single resistor which has
the same V 1f I 1s given. Here the total I splits:

[=1+,=V/R,+V/R,=V(I/R, +1/R)



Resistors in Parallel

Rl
—A\WAWY
a 1 L b

V

Again find the equivalent single resistor which has
the same V 1f I 1s given. Here the total I splits:

[=1+,=V/R,+V/R,=V(I/R,+1/R))
We want to write thisas: I =V /R,



Resistors in Parallel

Rl
—A\WAWY
a 1 L b

V

Again find the equivalent single resistor which has
the same V 1f I 1s given. Here the total I splits:

[=1+,=V/R,+V/R,=V(I/R,+1/R))
We want to write thisas: I =V /R_|
Hence 1/R,,=1/R, +1/R,



Parallel and Series

Resistors | Capacitors
Parallel
E 1/R=1/R,+1/R, C=C,+C,
Series

———

R=R +R,

1/C=1/C,+1/C,




Batteries and Generators

Current 1s produced by applying a potential difference
across a conductor (I=V/R) [This 1s not equilibrium so
there 1s an electric field inside the conductor].

This potential difference 1s set up by some source, such as
a battery or generator [that generates charges, from some
other type of energy, i.e. chemical, solar, mechanical].

Conventionally an “applied voltage” is given the symbol E
(units: volts).

For historical reasons, this applied voltage 1s often called
the “electromotive force” (emf) [even though 1t’s not a
force].



The Voltaic Pile

Volta’s original battery

Carbon

wet %I%
cloth |
Mixture of
Ammonium
. Chloride&
/inc
case Manganese
Dioxide

electrical converter...
..... converts chemical energy to electrical energy



Electrical Description of a Battery

I >

for battery N resistance

symbol F sl %R symbol for

A battery does work on positive charges in moving them to
higher potential (inside the battery).

The EMF E, most precisely, is the work per unit charge exerted
to move the charges “uphill” (to the + terminal, inside)

... but you can just think of it as an “applied voltage.”
Current will flow, in the external circuit, from the + terminal,
to the — terminal, of the battery.



Resistors in Series
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E
Given R =R, +R,, the current is [=E/(R, + R,)

One can then work backwards to get the voltage

across each resistor:



Resistors in Series

—MW AV
Rl R2

I
1

E
Given R =R, +R,, the current is [=E/(R, + R,)

One can then work backwards to get the voltage

across each resistor:

Rl
Rl t RZ

V.= IR = E



The Loop Method

—VWW AW
R

Go around the circuit in one direction.
If you pass a voltage source from — to +,
[1 the voltage increases by E (or V).

As you pass a resistor the voltage decreases by V=1R.

The total change 1n voltage after a complete loop 1s zero.



Analyzing Resistor Networks

1. Replace resistors step by step. 2. The loop method
_/V\NVW_
I Wéwgvz_ MW NWW—
E . 6 O r R, R,
|
D E— -+ I| I
2Q I 3
WS
T E-IR,-IR,=0
20Q E=I(R,tR)
E_+_ SQ% [=E/(R,+R)




Analyzing Resistor Networks

Often you can replace sets of resistors step by step.
_/VW\/W_
6 Q

-
== 60

) VWA
2Q




Analyzing Resistor Networks

Often you can replace sets of resistors step by step.
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1/6+1/6=1/(3)
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Analyzing Resistor Networks

Often you can replace sets of resistors step by step.
_/VW\/W_
6 Q

—AWWWW—
E '__tT 60

AN
20

1/6+1/6=1/(3) 34+0=5

VWWWV L
[ % [

E S 0 =
2 Q

step 1 step 2




Internal Resistance of a Battery

* One important point: batteries actually have an
internal resistance r

* Often we neglect this, but sometimes it 1s significant.



Effect of Internal Resistance
Analyzed by the Loop Method

Start at any point in the circuit. Go around the circuit in a loop.
Add up (subtract) the potential differences across each element
(keep the signs straight!).

E-TIr-IR=0 (usingV=IR) O I =E/ (R +71)
V.=IR=ER/(R+1r)=E/[1+ (1/R)]
ifr<<R O V,=E



Kirchhoff’s Laws

Kirchoff devised two laws that are universally
applicable 1n circuit analysis:

in a loop must be zero.

1. At any circuit junction, L,
currents entering must I, } :
equal currents leaving. I=1+1,

2. Sum. of 3.111 AV’s across """ ré/\%
all circuit elements E -";T ] R

E-Ir -IR =0



RC Circuits: Charging

open closed
— A
% R I R
. 1 V.=IR
— Te E = —
i C|V.=q/C

When the switch closes, at first a high current flows:
V. is big and V_ is small.



RC Circuits: Charging

open closed

S

%R 1 Rl vear
Tc

+ I
E -1 3 -1 - | V.=q/C
C
E=1R + Q/C
When the switch closes, at first a high current flows:
V, is big and V. is small.

As q is stored in C, V. increases.
This fights against the battery so I decreases.



RC Circuits: Charging

closed Apply the loop law: E— IR - g/C =0
| R1 v =IrR Take the derivative of this
N I with respect to time:
3 ____ _C V.=q/C _ i] _ _1 @ _
dt C dt
dl /

Now use dq/dt = I and rearrange: _— - —

This is a differential equation for I(t).
It is solved subject to the initial condition 1(0) = E / R.



RC Circuits: Charging

closed d_[ i ] dl dt

- - =[] == - =
“ dt RC 1 RC
! R v=IrR
e “ [dI/I=-[dt/(RC)

= | V=q/C

In/—In(0)=-t¢/(RC)

I= I(0)exp(- ¢t/ RC)

E
AndI(0)=E/R O 1= > exp(-t/ RC)



RC

Circuits: Charging

closed

From this we get:

V,=IR E
= > exp(-¢/ RC)
V.=q/C

Ve=IR= Fexp(-t/RC)
Ve= E-Vz= E(1 - exp(-t/RC))

 g=V.C=EC(]-e"



Charging
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Discharging an RC Circuit

-
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Open circuit

-q

‘ V=V,

I C:q

After closing switch

%R

q

V.=IR

V.=q/C




Discharging an RC Circuit

o

% R % R | V. =IR
-4
C— ‘ V=V, I o=
-q ! -q VC:q/ C
Open circuit After closing switch

Current will flow through the resistor for a while.
Power P = IV = I’R will be dissipated in the resistor
(as heat) while the current flows.



Discharging an RC Circuit

—
% R % R | V. =IR

C—/— | V=V I c=
_q| € 0 | -q VC:q/C

Open circuit After closing switch

Current will flow through the resistor for a while.
Eventually, the capacitor will lose all its charge, and

the current will go to zero. During this transient:

q/C—-1IR=0



Discharging an RC Circuit

4 Loop equation:
R | V.=IR q/C-IR=0 1 I=q/(RC)

| C =+q“ dl 1
| -q| V=¢/C Taked/dtdl -—= - —
) dt RC

[Note that I = - dg/dt]

Here the current at t=0 is given by the 1nitial voltage on the

capacitor:

. .. 10)=V/R=q,/RC .
This equation is solved very muéh like the other (charging case):

"
[= ;ﬁ’ exp(-t/ RC)



Discharging an RC Circuit

%R
1 C:q A
-q

V,.=IR

exp(-t/ RC)

I~
11
> | =<

V.=q/C

The charge on the capacitor 1s given by:
qgC-IR=0 so q=CIR [q=C V]

q:

CV,exp(-t/RC)

= q, exp(-t/RC)



Discharging

E/R.

Current

Potential Drop



Example: A capacitor C discharges through a resistor R.
(a) When does its charge fall to half its initial value ?

Charge on a capacitor varies as

Q= 0, exp(-¢/RC)

C

—

L Q




Example: A capacitor C discharges through a resistor R.
(a) When does its charge fall to half its initial value ?

Charge on a capacitor varies as

Q= ¢, exp(-1/RC)

Find the time for which Q=Q,/2

C

—

L Q




Example: A capacitor C discharges through a resistor R.
(a) When does its charge fall to half its initial value ?

Charge on a capacitor varies as

Q= ¢, exp(-1/RC)

Find the time for which Q=Q,/2

%Qo = g, exp(-t/RC)

C

—

L Q




Example: A capacitor C discharges through a resistor R.
(a) When does its charge fall to half its initial value ?

Charge on a capacitor varies as —0—%
Q= 0, exp(-t/RC) R
L Q
Find the time for which Q=Q,/2 U
i }
EQO = O, exp(- ¢/ RC)
[ :
] -1n2=z - — RC 1s the
RC “time constant”

t= (In2)RC = 0.69RC



Example: A capacitor C discharges through a resistor R.
(b) When does the energy drop to half its initial value?

The energy stored in a capacitor is

:Qz:Qg

Ul(t
) 2C 2C

exp(- 2t/ RC) = U, exp(- 2t/ RC)



Example: A capacitor C discharges through a resistor R.
(b) When does the energy drop to half its initial value?

The energy stored in a capacitor is

- Q2 - Qg
207 2C

We seek the time for U to drop to U,/2:
1
EUO = U, exp(- 2t/ RC)

U(t)

exp(- 2t/ RC) = U, exp(- 2t/ RC)



Example: A capacitor C discharges through a resistor R.
(b) When does the energy drop to half its initial value?

The energy stored in a capacitor is

- Q2 - Qg
207 2C

We seek the time for U to drop to U,/2:
1
EUO = U, exp(- 2t/ RC)

U(t) exp(- 2t/ RC) = U, exp(- 2t/ RC)

[ t=-1In2- RCln72= 0.35RC



